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The scattering of spin waves by magnetic point defects is considered using a Green’s function method.
A partial-wave expansion for the scattering amplitude is derived. An expression for the cross section is
determined which includes the effect of resonant states. Application is made to the calculation of the thermal

conductivity of an insulating ferromagnet.

I. THEORY OF SCATTERING

HE scattering of spin waves by magnetic point

defects is of interest in connection with the
thermal conductivity of insulating ferromagnets and
ferrites. It is well known that point imperfections are
quite significant in the study of lattice (phonon)
thermal conductivity.! At low temperatures, one would
expect that the thermal conductivity of some ferrites
and ferromagnetic insulators would be principally due
to spin waves, and it is necessary then to consider the
scattering of spin waves by defects. This problem has
been investigated previously by Bar’yakhtar and
Urushadze,? Douglas,® and Takeno.* Wolfram and
Callaway® have considered the localized spin wave
modes and resonant, or virtual, states which may be
produced by magnetic defects.

In the calculation reported in Ref. 5, it was observed
that, in analogy with the localized vibrational modes
which may be produced by imperfections in crystal
lattices and with the localized electronic states produced
by impurities in the energy level system of a semicon-
ductor, magnetic defects in a ferromagnet may produce
localized spin-wave modes. A ferromagnet in which
localized spins are coupled by a simple Heisenberg
exchange interaction is considered :

H=-% 3 J(R, R+A)S(R)-S(R+4), (1)

in which —J is the effective nearest neighbor exchange
interaction; S(R) is the atomic spin operator for the
atom located at lattice position R, and A is a vector
connecting R with one of the Z neighboring lattice
sites. A system of this type is said to contain a single
magnetic defect if there is an atom at some point R’
whose spin S’ is different from those of the other atoms
and which is coupled to the other atoms by an exchange
interaction J'. The problem of determining the spin-
wave states is most conveniently handled by introducing
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a set of orthonormal functions ¢(R) analogous to the
Wannier functions of energy band theory such that
| #(R) |2 gives the probability of finding a spin deviation
at the lattice site R. It was shown in Ref. 5 that the
functions ¢(R) satisfy a Schrodinger equation

Eo(R)=23 J(R, R+2){S(R+4)¢(R)
—[S(R)IS(R+4) 720 (R+4)}  (2)
in which S(R)[S(R)+1] is the eigenvalue of S(R)
-S(R).
This equation is most conveniently considered in

matrix form H o= E¢ where the Hamiltonian matrix H
has elements

H(Ry,Ry)=2{6r,,r, 2_ J(Ry, Ri+A)S(R,+4)
A

—8r,—ry,aJ (Ry, Ri4+A)[S(R)S(R,4-4)]72} . (3)

It is desirable to separate out the magnetic defect as
follows: If the defect were not present, all the spins
would be equal and all the exchange integrals would be
equal. Hence, we define partial Hamiltonians H, and
H' by

H=H+H', 4)

HQ(Rl,R2)=2]SZBR1,R2'— 2]58R1_R2,A ) (5)
and
H (Ry,Ry)
=0, R 2SZ(J'—T)or,,r+2(J'S"— T S)dr,,r 744 ]
—20R,—Ry,0(6r,, R/ FORry, v ) [ (S'S)V2—TST]. (6)
Since H' may be regarded as a localized perturbation,

Eq. (3) is conveniently attacked by a Green’s function
technique. The Green’s function G(Ry,Ry) is defined by

G(Ry,Ry)= (E—Ho)r, r,. (™)

For values of E in the region of eigenvalues of Hy, G
is conveniently defined through the usual limiting
procedure in which the energy is considered to have a
small positive imaginary part. Let ¢o(q,R) be a

solution of
Hopo(q,R)=Eo(q) ¢o(q,R).
Then we may rewrite Eq. (2) in the form

o(R)= @o(R)+2r, x, G(R,R)H'(Ry,Rs) o(Ro) . (8)
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This equation, which is exactly analogous to the
Lippmann-Schwinger equation of scattering theory, was
studied in Ref. 5 with respect to the determination of
the energies of localized states above the continuum
and resonant or virtual states in the continuum. Here
we will focus our attention on the problem of obtaining
solutions corresponding to the scattering of spin waves
by the magnetic defect. This will be done by a procedure
which is the analog in solid-state physics of the partial-
wave analysis of ordinary scattering theory. Equa-
tion (8) has been studied in connection with other
systems, by Lax,% Koster,” Koster and Slater,® Lifshitz,®
Clogston,® Klein,"* Callaway,!? and Krumhans].!?

The operator H' has the point symmetry of the lat-
tice. We can form linear combinations of functions
¢(R) which transform according to the irreducible
representations of the point group. Such functions will
not be coupled by H’. This process is analogous to the
customary decomposition of a plane wave into spherical
partial waves.

The irreducible representations of the point group
will be designated by an index ¢, and the functions which
are linear combinations of the ¢ will be denoted
C¢(R).1* The transformation between C and ¢ is
accomplished by a unitary operator U({,v) such that

Co(R)=2,U(tp)e(R)). ©)

The vectors R, which are included in the sum are those
which are obtained by operating on a given one, say
R/, with all the operators in the point group.

After transformation, Eq. (8) has the form

Cl(R) = C[(‘)) (R) +Z R1, Ry gﬁ(R:RI)

X Hp(R1,R:)Cy(Rs), (10)

in which

QI(R;RI) = Z U (gyV)G'(RV; RIM) Ut (“)z) )

(11)
Hl(R7R1> = Z U (57 V)H(Rvy Rl”) Ut (/"l) ’

and C;® is a symmetrized linear combination of
unperturbed functions (these are plane waves)

CLOR)=2 U(tp)eo(R,). (12)

It is to be noted that Eq. (10) is diagonal in the rep-
resentation index £.
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4 Jf the representation is degenerate, we indicate functions
transforming according to particular rows of the representation
as Cp, Cge, Cgs, etc., and any summation over ¢ is assumed to
include the various rows where required.
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Up to this point, our treatment has been general.
We now make use of the fact that H’ is localized in the
present case, extending only to first neighbors of the
defect we place, for convenience, at the origin (R'=0).
Therefore we need consider only certain representations:
Ty, T'1e, and T'y5 in the case of a simple cubic crystal ;!
Ty, T1s, I'esr, and Ty for body-centered cubic; and T,
I'is, Tasr, I'19, and I'gs for face-centered cubic structures.
We can refer to functions transforming according to
I'; as s like, I'y5 as p like, 'y and Ty as d like, and
T'» and I'gs as f like. The rationale for this selection of
representations is discussed in Ref. S.

In addition, for all representations except T';, only
one term survives in the summation in Eq. (10); and
for I';, there are only two terms, Consider the simple
cases first: we can abbreviate the matrix elements of
Hjas

Hy(R1,Re)=V pdp, a0r,n (£5%1). (13)
Then Eq. (10) becomes
Ce(R)=C (R)+V Ge(R,A)C,(A). (14)
This equation can be solved, and we find
Co(R)=C® (R)+[V(G(R,A)C( (8)/
1—=V,8,(4,4))]. (15)

In the case of T'y, Hy is a 2)X2 matrix. We define a
quantity Dj, which is the determinant of a 2X2
matrix.

Di=det[I—3 g, G1(R,R)H1(R1,R;)] (16)

in which 7 is a unit matrix and R and R; are restricted
to include only 0 and A. We set R=0, A in (10) and
solve the resulting two simultaneous equation for
C1(0) and C1(A). We write the solutions as follows:

Ci(R)=D1' X g, Q(R1,R2)C1\ (Ry). (17)
The elements of the matrix Q are
Q(R1,R)= (1—06r,, )2 Ry G1(R1,R3)H1(R3,Rs)
+631»32[1_ZR3 91( l A— RI) | ’ R3)
XHi(Rs, |[A—Re|)] (18)

and all the R variables are restricted to 0, A. Eq. (17)
is substituted into (10), and we have

Ci(R)=Ci(R)+Di' 2 Pi(R,R)C1O(Ry),, (19)
with
P1(R,R1)=2_r,,r, G1(R,Ro)H (R2,R3)Q(R3,R1).  (20)
We also define, for %1,
Py(R,A)=V ,Gy(R,A)
Dy=1-V,5,(4,4) (21)

15 Representations are designated according to the notation of
L. P. Bouckaert, R. Smoluchowski, and E. P. Wigner, Phys. Rev.
50, 58 (1936).
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so that Eq. (15) may be written in a form similar
to (19)

Co(R)=CO(R)+Dg* 2k, Pe(R,R)C,O(Ry).  (22)

We now have the formal solutions of the “partial-wave
equations.”

To interpret these equations more completely, we
require the asymptotic form of the Green’s function
G¢(R1,Ry) in the limit R{>3>R,. To obtain this we require
first the asymptotic form of G(Ry,R;). From (7), we
have that

G(Ry,Ry)

- / B0t (a,Ro) (1/ E— Ho) on(a,Ro)

- / Bgoit (@R (1 E— Eo(@)+i) pu(q,Re).  (23)

In the present case,
00(q,Ro) = (Q/87%) /2¢iaRe,
where Q is the volume of the unit cell. Hence,

G(Rl,Rz)EG(Rg—“ Rl)
— (@/8r%) / dSqleiar R0 i Ey(q)Hie]  (24)

and the integration includes the Brillouin zone. G(R)
has the full point symmetry of the crystal.

This expression is general. We are concerned with the
case of large |Ro—R;| and in this case, (24) may be
evaluated by the method of stationary phase, as has
been discussed by Koster? and Lifshitz., If qo satisfies
E(qo)=E and is such that the group velocity at qq is
parallel to R;— Ry, then

G(Ry,Ry) e [eieorRi=Ra) /| Ry— Ry ]. (25)

Then the second term in (22) represents an outgoing
wave of the symmetry specified by the representation ¢
of the point group multiplied by a coefficient which is
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the scattering amplitude. We will see this result more
explicitly below.

The energies of bound states and resonances are
determined from the properties of the denominator D,
in (22). D, can vanish only when E is outside the
continuum of levels specified by Eo(q). In such a case,
there is no incident wave, and go in (25) is imaginary
so that the wave function decays exponentially, and a
bound state exists. In the continuum, the real part of
Dy may vanish. Then the scattering amplitude will be
large and a resonance exists. The locations and widths
of resonant spin-wave states were discussed in Ref. S.

It is now desirable to invert Eq. (9) to obtain ¢.

¢(Rv)=Z U= (n£)Cy(R)

= ¢>0(R )+ 2 UN(n,0) D 1P g(R,R1)Cy® (Ry)
{.R1
(26)

At this point, the formal theory of the scattering is
complete. It remains to apply the general formula to
specific cases.

As an application of the foregoing general theory, we
will consider only a simple cubic system, since only in
this case have the integrals involved in the Green’s
functions G(0,0), G(0,A) and G(A,A) been computed.®
For a simple cubic lattice

E(q)=4J5(3—cosg.a—cosq,a—cosq.a). (27)
Then
— g3 iR
G(R)= f
(2m)34JS J E'—cosq.a— c0sq,a— C08q.a— i€)
—ab
exp{(—2)[q- R+1(E°—cosq.a
(27r)34f S ./ / !
— C08g,a— C0sq.a) [} didq
(where E'=3—E/4JS). The integral is evaluated by

the method of stationary phase as mentioned earlier.
If qois a vector as described above (whose rectangular
components are ¢, etc.)

G(R)=(—a/8nJS) (ei‘lO‘R/R)[

We require the expansion of this quantity for small gq.
We retain only the isotropic portion of the second term.
We find

G(R)=(—a/8xJS)[1+(a’q:*/10) ](¢’*%/R). (29)

It is necessary next to evaluate the quantities
P,(R,R;). This involves some rather tedious algebra.
The scattering amplitude, f, is found as the coefficient
of ¢®®/R, in (26):

¢(R)= ¢o(R,)+ f(¢'*™/R,) . (30)

sin®go.0 C0Sqoy@ COSqo.a1Sin2ge,@ COSGoze COSGo:a-1+SiN2go,a COSGosa COSGoy @

]m. (28)

For the simple cubic lattice, there are three contribu-
tions to f, which may be roughly described as s wave,
p wave, and d wave. More precisely, there are the
contributions from I'y, Ty and Ty, representations
discussed previously.

J=fotfotfa,
where
fo=(—a/8xJSD1)[1+4 (a?s*/10)]
X[F1(0)+F1(A)C1 (x,4)],
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fo=(—a/87JSD15)[14 (a’qs*/10)]
X2 i F15,i(A)C1s,: (1,4)

fa= (—a/87JSDyo)[ 1+ (a2q02/10)J
X2 i F10,6(8)C12,:9 (3,4),  (31)

and we have used the long-wavelength approximation
for the Green’s functions given in (29). The sum over 1
includes all the rows of the irreducible representations
considered and a is the lattice constant. The functions
C;,; are summetrized linear combinations of plane
waves belonging to the jth row or irreducible represen-
tation ¢ as specified by (12). The incident plane wave
has a wave vector ». The quantities ' are given as
follows:

F1(0)=—47S{e(1—6cA—dp)+6A(cet+dA)
=+ (6)12C19 (g0, A) [ e(bA+cp)
+A(L—eb—6cA)T},
Fi(8) = —4TS{(6)2[ A(1—6cA—dp)+p(cet+dA)]
+C19 (g0, A)[6A(bA+cp)
+p(1—eb—6cA)]},

F15,i<A> = “4]SPC15,1'(0) (QO,A) y (32>
and
F1s,i=—47SpC12,:? (q0,4) ,
in which
e=3[1—(J'/N)]; A=3[(J'/])(S"/S)*—1],
p=3[1—('S"/TS)], (33)

b=—4JSG(0), c=—4JSG(A),

and
d=—4JS[G(0)+4G(A)+G(24)]
[As=a(1,1,0);24=0a(2,0,0)].

In addition, we list also explicit formulas for the
quantities Dy.
Dy=1-3b+(E'b—1)2—3E+J'/T

X o= (E'b—1D{S"/S(A—=3E)+1})
Dyy=—4JS[G(0)—2G(A)+G(24A)].

(34)

These complicated expressions simplify considerably
in the limit of small ¢o, x. We find, after some tedious
algebra, in which terms of order g¢* are neglected

fo=(—a/4D)qa (/D= (/9,0
fp= (a/27rD15)q02a2[:1 - (]IS’/]S):]COSG y
and
fa<0(¢Y).

Hence to order ¢?, there are contributions from f, and
f» It is particularly to be noted that the f, and f, are
both of the same order in goa. The total scattering cross
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Fre. 1. A dimen-
sionless measure of
the total cross sec-
tion for the scatter-
ing of spin waves by
4 defects, op/4a?is plot-
ted as a function of
spin-wave energy
I:/4J S for an impur-
ity characterized by
Kot J’/]:,I,S//S=3/7
Note: abscissa label
should be a7/4a2.

0’7'/4a2

.001 T T r
A 2 3 4
E/4JS

section is, to this order

P 1IN S\
e ()
4 |Di|2\ 7 s

+3[;5\2<l

J'S\?
-] o

JS
We have not expanded the determinants D; and Dis
since these contain the possible resonant character of
the cross section.

It is particularly to be noted that the contribution
from s- and p-wave scattering are of the same order in
goa, and that the scattering cross section vanishes as
(goa)* at long wavelengths. This dependence on wave
number is the same as found for phonons in a similar
calculation,' but it is in contradiction to the predictions
of the first Born approximation. A calculation of the
scattering of spin waves by imperfections using the
Born approximation hasalready been givenby Douglas.?
The expression can also be obtained from this work by
formally allowing the spin-wave energy to become large
so that the Green’s function combinations b, ¢, and d go
to zero. The quantities Dy then approach unity. We
consider only the long wavelength limit. There are
two cases:

(1) The impurity has a different spin from that of the
host: Then we find

fo=(a/2m) (e+124+6p) = (—3a/2m) (J'/J)
XS /=17,
f»=0(¢).

The scattering of long wavelength spin waves is then
predominately s wave, and the total cross section oy
has a constant value

or= (9a*/m) (J'/T)L(S"/S)P—1]4.

(37)

(38)
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(2) The spin of the impurity is the same as that of
the host, or J'=0. In this situation the s-wave scattering
goes to zero, but the p-wave term still contributes.
We have

fo=(—a/2m) (8T /J)qea? cosh, (39)
and
ar=(a*/3r)(8J/T)*q*a’,

with 8J=J"—J.

(40)

It is seen that the second case agrees with the exact
calculation in the appropriate limit but in the first
situation a quite erroneous result for f, is obtained. An
alternate derivation of the Born approximation expres-
sions is given in the appendix.

In Fig. 1 we show the total scattering cross section
as a function of spin-wave energy for the case (J'/J)
=0.1, (8’/S)=3.7. These parameters were chosen so
that a low energy resonance would appear.

II. APPLICATION TO THERMAL CONDUCTIVITY

We will now apply the results of the previous discus-
sion of spin-wave scatterings to the computation of the
thermal conductivity of a spin-wave system. We will
assume in this paper that the only important scattering
processes are boundary scattering and defect scattering.
Other processes including spin-wave phonon and spin-
wave-spin-wave interactions will be considered in
subsequent work. The mean free path of a spin wave is
denoted by ¢ which is assumed to be a function of
energy only. The thermal conductivity, »x, is given by
the expression:

e (/32 [ Leb'57/(ePr—17]
X (E/KT)Vidyg (41)

in which K is Boltzmann’s constant, £ is the spin-wave
energy, and V is the group velocity,

V=(1/h)dE/dq.

In the present work, we will assume that the surfaces
of constant energy are spherical. Thus, we write

d3q=g*(dg/dE)dEdQ,

so that (41) becomes

= (K/61r2h)/ " [eE/KT/(eE/KT_ 1)2]
’ X (E/KT)*(E)¢(E)E  (42)

in which E,, is the maximum energy in the spin-wave
spectrum. The spin-energy is related to the wave vector
q through Eq. (27) in the case of a simple cubic lattice.
We do not include any external magnetic field. The
generalizations required to discuss other lattices, or
effects due to the internal fields are quite simple.
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Equation (27) may be solved by iteration to obtain
¢*(E). Including second order corrections, we have

@2(E) = (E/2JS)[14 (E/40TS)+---].  (43)

If we substitute this expression and introduce the
dimensionless variable x=E/KT, we have

k= (KT /3x*ha?) (KT/4]S)/M [x%e*/(er—1)%]

X[1+ (K T/4078) W (x)dx  (44)

(with = E./KT).

In the presence of defect scattering and boundary
scattering, we form the reciprocal mean free path for
the combination by adding the reciprocal free paths for
the separate processes. This procedure is based on the
independence of the separate scattering processes. We
characterize boundary scattering by a constant mean
free path, L. The mean free path for defect scattering,
{p, is determined from the differential scattering cross
section, do/dS, by'®

L 1=2xN / (1—cos8) (da/dQ)sindds , (45)

in which N is the concentration of defects, 6 is the angle
between the wave vectors of the incident and scattered
waves, and

do/dQ= | fot frtfa|?,
where the scattering amplitudes are given in (31). Then
{l= L4 4p. (46)

Itis evident that if the rather complicated expressions
for the scattering amplitude which were given in
Eq. (31) are used, numerical integration of (44) is
required. There are, however, some simple approxima-
tions which illustrate important characteristics of the
results.

First, if there were no defect scattering, N=0, the
thermal conductivity would be given at low tempera-
tures for which we can make x,, infinite by

k=[K(KT)*L/2xahJ S]
XE@+H(KT/107S)¢(H)+---1. (47)

The quantity ¢ is the Reimann zeta function. This
expression exhibits the familiar 72 temperature depend-
ence of the spin-wave thermal conductivity at low
temperatures.

If we attempt to neglect the boundary scattering and
consider the calculation of thermal conductivity limited
by defect scattering alone, we find that the integral (44)
does not converge. This problem arises since (36)
implies that ¢p(x) is proportional to x~2 for small «.
Hence, in this case the integrand of (43) is proportional

16J. M. Ziman, Electrons and Phonons (Oxford University
Press, Oxford, 1960), p. 306.
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which has opposite sign, arises from a higher term in

the expansion (43) for ¢*(E).

If the contribution from defect scattering in (51) is
small compared to the other terms, a thermal resistance
due to the defects may be defined. The situation is
analogous to that existing in the theory of lattice
thermal conductivity in which it is possible to define a
specific thermal resistance due to point defects only
when the contribution from defects is small. To obtain

the resistance, we define
W=1/«.

Let k=ko+ Ak, where Ak is the contribution from the
defect scattering. Similarly, put W=W,+AW. Then

AW = — A/ =1022[¢ (5)N A%/ (3)TSaz]. (53)

The thermal resistance due to defects is, in this approx-
imation, temperature-independent.

We now discuss the opposite situation in which the
defect scattering is strong compared to boundary
/ scattering. The criterion can be expressed in terms of a

dimensionless parameter £, by defining

. t=(NLA/a?).

Equation (51) applies when #<1. If £>1; defect
scattering will be more important than boundary
scattering except for low energies. We then approximate
(44) by setting x%?/ (e*—1)2=x for x<x;, and neglect-
ing boundary scattering for >x;. We also let %, go
to infinity and neglect the term *K7/40JS. Then (44)

becomes with the inclusion of (46)

(X

04 |-

(52)

03—

0.2 r

T
]
!
]
]
]
]
!
]
I
]
I
1
« :
]
]
]
!
I
I
]
]
]
/
]
|
)
]

0.1 |~

-

(54)

0.2 0.3

Fic. 2. A dimensionless measure of the thermal conductivity of
a spin-wave system, &’ =3ra*N#k/4KJS is plotted as a function
of temperature for a system of defects characterized by J'/J=0.1,
S’/S=3/7, and a boundary scattering parameter. L=10r/Na?
The dashed line shows the thermal conductivity when only

boundary scattering is included.

to 1/« for small z, and a logarithmic divergence results.

Defect scattering must, therefore, be considered in
conjunction with some other scattering process, such KT /KT  gda
as boundary scattering, spin-wave phonon scattering, x= <__>[ L / -
etc. Our present considerations include only boundary 3r*ha*\4JS o 14+(L/¢p)
1 ade®

scattering in addition to defect scattering.
If the defect scattering is weak compared to boundary

scattering, we expand (46) as follows:
C=L[1—(L/¢p)+--- 1.

To avoid numerical integration at present, we approxi-

- todx|. (55
V). -1y x] 3)

We use the approximation (49) for €p. A reasonable

(48)
choice for #; is unity. We then obtain for «:

mate £p as follows: KJSa? NAL K?T? % 1
t1=NAg", (49) (=0 {ln[1+ ]+2 > (1+—>e—"]

in which 6m2NAh at 4J2§? n=1 n

A= (a%/4m){ (/T2 (1—=S"/S)+4[1— (J'S"/TS)] KJSa? KT\?

and we have neglected the quantities Dy and D;5, and
so have ignored the possibility of resonant scattering.
If Eqgs. (48)—(50) are substituted into (44), the integrals
can be performed in the low temperature limit, and we
obtain an additional term in (47) ’

x=[K (KT)*L/2xa*hJS1¢ (3)+ (KT/107S)¢ (4)

—20NL(KT/2JSa?)24¢(5)+---]. (51)

The point defects give rise to a decrease in thermal
conductivity which varies at 7. Another T* term,

In the case of strong defect scattering, the thermal
conductivity retains a logarithmic dependence on the
size parameter L. The thermal conductivity as given
by (56) is a slowly rising function of temperature with
a much weaker dependence than the 7% behavior
predicted by (51).

It is necessary to integrate (44) numerically if
resonant scattering is to be included. In this case the
general temperature dependence of the conductivity is
much weaker than 7% except for K7<4JS. The
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magnitude of the conductivity is much less in magnitude
than predicted by (56). An example of this situation is
shown in Fig. 2.

APPENDIX

In this appendix we give an alternate derivation of
the formulas given in (38) and (40) as the total scatter-
ing cross section for spin waves from defects in the
long wavelength limit using the Born approximation.

The Hamiltonian of Eq. (1) can be expressed as

H=— Y J(R, R+A)[S.(R)S.(R+4)
R,A

+354+ (R+2)S_(R)+35+ (R)S-(R+4)].

We introduce spin-wave operators by the usual trans-
formation

(A1)

S:(R)=S(R)—a"(R)a(R),

S+(R)=(25(R))"*a(R),

S—(R)=(2S(R))"*a*(R),
a(R)=1/(N)"* 2 ¢'Ray,

(A2)

a+(R)=1/ (V)2 S e—iaRgt,.

After these substitutions are made, the expression for
H can be split into two parts

H=Hy+H',

in which H, is the spin wave Hamiltonian for the
crystal with the magnetic defect replaced by a “normal”
atom and H’ describes the contribution of the defect.
With the neglect of four-order terms, we have for H’,
assuming the defect is located at R’, with exchange
integral J' and spin S’ (the host lattice has, as before
exchange integral J and spin .S).

1
H' = —22 S(J’S,-—-‘]S)———' Z aq,+aqei(q/—-q).k
A N a9/
X[(T'—T)S+ (J'S'— T S)eita~n-4

—(J(S"S)V2—TS) (e“l”A-l-e“"q'A)]} . (A3)
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The portion of H’ which causes scattering can be
written as

1
E 2 (¢, @agtay.

q,9/

The differential scattering cross section can be computed
as follows (we consider only a simple cubic lattice):

do/dQ= (a3/V)w, (A4)

where V is the velocity of a spin wave of wave vector g,
and w is the transition probability per unit time, which
can be found from the usual formula of first order
time dependent perturbation theory.

w= (2n/)[e/ (21)°] / gy’

X(E(@)—E(@)|v(d,9)|*.
do/dQ= (a*/64n°J25?) |y (q',q) |2 (A6)

in the long wavelength limit. From (AS), |q|=|q’].
Eq. (A3) yields for |v(q’,q)|2:

J ST
P (A WA
J’ S J

LER

If $’=.S, we obtain in the limit as ¢, ¢/ — 0,
|v(d',@) |2 =1447"25[1— (S'/S) 2]
so that the scattering cross section becomes
ar=(do/dQ)dQ= (9a*/m) (J'/T)1— (S'/S)V2].

This result agrees with Eq. (38).
In the case S=35’, we have, again in the long wave-
length limit

lv(¢',)] 2=452(J'—J')2{§(¢1"A) (q-A)}?
=16J"25%¢*a* cos’0

where 0 is the angle between q and q’. Hence, the
scattering cross section is

(do/dQ) = (a*/4m)[(J'—J)*/J*]ga* cos™d,
or=(a?/3m) (8] /J)%¢*at,
which agrees with Eq. (40),

(AS)
We find

(A8)

(A9)



